Abstract. The spectrum of a one-dimensional Hamiltonian with potential V (x) = ix 2 for negative real x and V (x) = −ix 2 for positive real x is analyzed. The Schrödinger equation is algebraically solvable and the eigenvalues are obtained as the zeros of an expression explicitly given in terms of Gamma functions. The spectrum consists of one real eigenvalue and an infinite set of pairs of complex conjugate eigenvalues.
The pioneering work of Bender and Boetcher [1] marks the arising of PT symmetric quantum theory, a very active field of research which, besides having provided with amazing results in quantum mechanics, presents common aspects with other theories like integrable models or quantum fields. A tutorial introduction to the topic and a later complete update can be found in two papers by Bender [2, 3] , where numerous references to earlier developments are given. In recent years, three special issues of Journal of Physics A [4] have gathered articles dealing with different features of those non-Hermitian theories.
As one can learn from Ref. [2] , a PT -symmetric Hamiltonian H may present broken or unbroken symmetry. In the first case, complex eigenvalues appear besides of possible real ones. In the second case, the spectrum is purely real. The necessary and sufficient conditions for the reality of energy eigenvalues have been set in the case of finite dimensional Hamiltonians [5] . There have been also studies of that issue in the case of polynomial potentials depending on one or several parameters [6, 7, 8] . The reason why the symmetry becomes broken for certain sets of those parameters is understood, but a general explanation of the symmetry breaking mechanism is lacking. We believe that the study of different particular cases, as in Ref. [9] , may help to find a satisfactory theory.
Here we consider a parameterless PT -symmetric Hamiltonian 
where PT -symmetry is broken. In fact, as we are going to show, only one of its eigenvalues is real; the rest of them form complex conjugate pairs. The Schrödinger equation for the Hamiltonian (1) with potential (2) is algebraically solvable. A complex rotation of the variable by an angle of π/8 allows one to relate the problem at hand with that of resonances in a parabolic odd potential, discussed in a recent paper [10] to which we refer for details of the solution of the Schrödinger equation. Normalizable wave functions are obtained for values of the energy E satisfying the equation
It is immediate to see that if E is a solution of this equation, its complex conjugate, E * , is also a solution. Therefore, the eigenvalues of the Hamiltonian either are real or form complex conjugate pairs.
A glance at Eq. (38) of Ref. [10] allows one to check that the eigenvalues of H resulting from Eq. (3) coincide with the energies of the Gamow states discussed before [10] multiplied by e iπ/4 , as was to be expected. We report, in Table 1 , the lowest modulus solutions of Eq. (3). Figure 1 shows their positions in the complex energy plane. The corresponding eigenfunctions are
where N (E) represents a positive normalization constant (depending on the eigenvalue 
Taking for the coefficients b 1 and b 2 the values
guarantees the vanishing of ψ(x) for x → ±∞. (Notice that, in virtue of Eq. (3), b 2 takes the same value for x < 0 and x > 0.) In fact, for large (positive and negative) values of x,
with the abbreviation
and the values of α given in Eq. ( figure 3 ) and 8.618144+3.363257 i (figure 4). Our choice of the value of b 1 in Eq. (6) fixes the arbitrary phase of the wave function, making ψ(x) to become real and positive at x = 0. In the case of a real eigenvalue E, b 2 turns out to be pure imaginary, and then
a property that can be observed in figure 2 and checked in Eq (4). This equation proves also the relation existing between the wave functions ψ E (x) and ψ E * (x) corresponding to complex conjugate eigenvalues, namely
Potentials of the form
with real a, are obviously PT -symmetric. Their eigenvalues, with the boundary conditions on the real axis ψ(±∞ + 0i) = 0, are expected to be real. And this seems to be the case for a ≥ 3, according to studies of Simon [11] , Caliceti et al. [12] and Shin [7] . Here we have considered the case a = 2 and found only one real eigenvalue and a presumably infinite set of pairs of complex conjugate ones. Then, one may conjecture that, in the family of potentials (11), the PT -symmetry is broken for a < 3, similarly to what happens with the family of potentials [2] V β (z) = − (iz) β , β real ,
with the boundary condition that π , for β < 2. Accordingly, pairs of real eigenvalues of the Hamiltonian with potential (11) would turn progressively into complex conjugate pairs as a decreases from 3 to 2.
